
Euler’s Method 
 
An initial value problem (IVP) is a differential equation (DE) together 
with an initial condition (IC): 
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Here t0 is a particular value of “time” at which we have information 
about the solution y(t); namely the point (t0, y0) is on the solution 
curve. 
 
The objective when solving an IVP is to determine a function y(t) so 
that 

1. its derivative is the specified expression f(t,y(t)) 
2. when y(t) is evaluated at t = t0, we get specified value y0. 

 
Example 
  IVP  3

0 5
= −
=

y'(t) y(t) DE
y( ) IC

Here we can solve the IVP analytically and get a “closed form” 
solution (that is, a formula). 
 

3 33 3 3 t C t C tdy dyy dt ln | y | t C y e e e y K
dt y

3e− + − −= − ⇒ = − ⇒ = − + ⇒ = = ⇒ =  

 
Use the initial condition: set t = 0 and y = 5; we get K = 5. 
 
Thus the solution to the IVP is 35 ty(t) e−= . 
++++++++++++++++++++++++++++++++++++++++++++++++++++ 
 
Unfortunately many DEs cannot be solved analytically hence we need 
to develop procedures to approximate the solution y(t). 
Approximation procedures estimate the value of the solution at a set 
of discrete points. A simple procedure uses a Taylor expansion the 
over an interval t to t + h to replace the derivative y’(t) as follows;    
y(t) = p1(t) + remainder, then solve for y’(t).  
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Then the DE becomes  
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y(t h) y(t)y '(t) hy ''( ) f(t, y(t))
h

+ −
= − α =  

Rearranging we get 
                          21
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y(t h) y(t) hf(t, y(t)) h y ''( )+ = + + α                  (1) 

 
This suggests the following “approximation” method. 
 

1. Omit the term 21
2

h y ''( )α . 

2. Start at t = t0 and define a set of “grid” points tn = t0 + nh, where 
h is called the stepsize (or mesh spacing or grid size). (Note: n 
takes on integer values. If n > 0 then we forward approximate the 
solution & for n < 0 we backward approximate the solution.) 

3. Replace Equation 1 by the “difference equation” 
 

                                 1n n n ny y hf(t , y )+ = +                              (2) 
 

     Here yn is an approximation to y(tn) the true value of the  
     solution of the IVP at t = tn. 
 
Note that to use (2) we start with the initial condition and proceed 
to develop a set of approximations at the grid points as follows: 
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ETC.
 
Thus we have the discrete set of approximations  

{ }0 1 2j j(t , y ) | j , , , ,n= …  
This procedure is known as Euler’s Method. 
 



EXAMPLE 
 
IVP           Note t

0 1
y '(t) y sin(t) DE
y( ) IC

= − +
= 0 = 0 & y0 = 1. 

 
Use Euler’s method over the interval [0, 1] with stepsize h = ¼. 
Hence we have grid points t0 = 0, t1 =0.25, t2 = 0.5, t3 =0.75, t4 = 1. 
 
y0 = 1 
 
y1 = y0 + h f(t0,y0) = 1 + 0.25 ( -1 + sin(0)) = 0.75 
 
y2 = y1 + h f(t1,y1) = 0.75 + 0.25 ( -0.75 + sin(0.25)) ≈ 0.624350 
 
y3 = y2 + h f(t2,y2)  
    = 0.6243505 + 0.25 ( -0.624350+ sin(0.5)) ≈ 0.588119 
 
y4 = y3 + h f(t3,y3)  
    = 0.588119+ 0.25 ( -0.588119+ sin(0.75)) ≈ 0.611499 
 
 
What errors were encountered in this process? Explain. 
 
Note:  True solution is   y(t) = 1.5 e-t + 0.5 (sin(t) – cos(t)) 
 
Summary: 
 
            T      Euler         True         Absolute  
                     Approx.   Solution   Error_____ 
         0         1                1                0 
         0.25    0.75           0.80745     0.057447 
         0.5      0.62435     0.71072     0.086366 
         0.75    0.58812     0.68352     0.095405 
         1         0.6115       0.7024       0.090904 

Compare the absolute errors in the figures below where we have 
decreased the step size h. 



 
 

 
 
 
 



 
 

Inspection of the errors suggests (does not prove) that Euler's 
Method is . (h)Ο

 
 

 
 
 



In MATLAB   
 
eulerh 
 
>> help eulerh 
 
 EULERH  Euler's method for the approximation of an initial 
         value problem   y' = f(t,y)    on [a,b] 
                       y(a) = alpha 
         using n subintervals of equal length. 
         Function f must be defined as a string with  
         independent variable t and dependent variable y. 
         A graph of the piece-wise linear approximation is shown. 
  
         There is tabular output of t versus z(t), where z(t) 
         approximates y(t), the true solution. 
  
         f is a string containing the right side of the ode  
           in terms of t and y 
         a is left end of interval of solution 
         b is right end of interval of solution 
         alpha is value of y at t = a 
         n  is the number of subintervals of [a,b] to use 
  
    Use in the following forms: 
       ==>  eulerh(f,a,b,alpha,n)  <== Displays the Euler graph all at 
once. 
  
       ==>  eulerh(f,a,b,alpha,n,'S')  <== Displays the Euler graph 
step-by-step. 
  
 EXAMPLE:  eulerh('y-t^2+1',0,2,0.5,10) 
  
           The IVP is y'(t) = y - t*t+ 1, y(0) = 1/2  over [0,2] 
   
+++++++++++++++++++++++++++++++++++++++++++++++++++++ 
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