
Section 2.2 The Method of False Position 
 
Features of BISECTION: 
Plusses:  

• Easy to implement 
• Almost idiot proof 

o If f(x) is continuous & changes sign on [a, b], then it is GUARANTEED to converge. 
• Requires ONE new function evaluation per step 

Minuses: 
• Slow rate of convergence; О(1/2n) 
• There is a theoretical bound on the error for each step, but it can overly pessimistic. 
• It may take a long time to converge for a small tolerance. 

 
The method of false position is also an Enclosure or bracketing method. For this method we will 
be able to remedy some of the minuses of bisection. 
 

• Guaranteed convergence under mild conditions with linear convergence. Again we assume f(x) 
is continuous & changes sign on [a, b]. 

• We can get a fairly accurate error estimate at each step. (MAIN ADVANTAGE) 
• The error estimate will allow the formulation of a stopping criteria that should mean we can use 

fewer steps. 
 

The method of false position generates a sequence of bracketing intervals (an, bn) and a sequence of 
approximations pn which is in interval (an, bn). The root will either be in (an, pn) or (pn, bn). The point 
pn is the x-intercept of the line connecting points 
 

(an, f(an)) and (bn, f(bn)). 
 
The equation of the line connecting this pair of points is  
 
 
 
 
 
Setting y = 0 and solving for x gives x = pn  
 
 
 
 
 
 
                                                                                              Reciprocal of slope. 
 
Example: Let f(x) = x3 + 2x2 – 3x -1 and take [a, b] = [1, 2]. Function f is continuous on [1, 2][ and  
f(1) = -1, f(2) = 9 so there is a root in [1, 2]. Compute the x-intercept between points (1,-1) and (2,9); 
Xinter = 1.1. Compute f(1.1) = -0.549. (Here pos and neg refer to the sign of the values of f at the x-
value. In the tables below Xinter is a value of pn.) 
 
       XL                   XR                 Xinter          f(Xinter) 
    1.0000neg    2.0000pos    1.1000neg       -0.549 
 



So the subinterval containing the root is [1.1, 2.0]. Compute the x-intercept between points          
(1.1,-0.549) and (2,9); p1 = Xinter = 1.151743638. Compute f(1.151743638) = -0.274. 
 
 
   XL                   XR                 Xinter          f(Xinter) 
    1.0000neg    2.0000pos    1.1000neg       -0.549 
    1.1000neg    2.0000pos    1.1517neg       -0.274 
 
So the subinterval containing the root is [1.1517, 2.0]. Compute the x-intercept between points          
(1.1517,-0.274) and (2,9); p2 = Xinter = 1.176840909. Compute f(1.176840909) = -0.1307. 
 
XL                   XR                 Xinter          f(Xinter) 
    1.0000neg    2.0000pos    1.1000neg       -0.549 
    1.1000neg    2.0000pos    1.1517neg       -0.274 
    1.1517neg    2.0000pos    1.1768neg       -0.1307 
 
We continue in this way. The Xinter values will converge to a root. Here are several more iterations. 
Note the decrease of the magnitude of the function values. 
 
    ____pn = Xinter                        f(Xinter)___ 
   1.100000000000000  -0.548999999999999 
   1.151743638077286  -0.274400720211667 
   1.176840909982786  -0.130742528809215 
   1.188627673293829  -0.060875863260288 
   1.194078911293239  -0.028040938442301 
 
Note that the sequence of intervals is 
 
                    XL                          XR________ 
   1.000000000000000   2.000000000000000 
   1.100000000000000   2.000000000000000 
   1.151743638077286   2.000000000000000 
   1.176840909982786   2.000000000000000 
   1.188627673293829   2.000000000000000 
   1.194078911293239   2.000000000000000 
 
+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
 
We see that in this example one of the original endpoints remains as an endpoint of the bracketing 
intervals. (We comment on this behavior later.) 
 
What we need next is information on the Order of Convergence, The Rate of Convergence, and a 
Stopping Criterion for the algorithm. These concepts are interrelated here. 
 
We examine the error sequence  for n . In this case we construct what is called the n ne p= −p 0≥
error evolution equation. We know that 
 
 
 
 
We subtract p from both sides to get 



 

 

 
 
 
 
Here is where things get “tricky”. What we hope to be able to do is get more information about 
function f(x) involved. In order to do this we will use second degree Taylor polynomials. Recall that 
 

20
0 0 0

f ''(x )f(x) f(x )+ f '(x )(x - x )+ (x - x )
2

≈ 0  

We set x0 = p (so f(x0) = 0) and set x = an and then bn to obtain two expressions: 
 

 

 
 
 
 
 
We first work with the term f(bn) – f(an) in the denominator;  

 
Then using the Taylor approximation for f(bn) and the preceding approximation for f(bn) – f(an) 
together with a bit of algebra we get that 
 
 
 
 
 
 
 
 
 
Now we need an important observation. We saw in the example that one end of the bracketing 
interval was fixed. 

 



 
Because one endpoint of the enclosing interval remains fixed the other is pn-1 so the following 
expression can be rewritten: (just do the algebra) 
 
 
 
 
 
 
 
 
For example if bn is the fixed end, then bn – p = pn-1 – p = en-1 so we have 

 
Next we define 
 



 
So we have 
 
 

 
STOPPING CRITERIA 

This provides an error estimate at each step. But λ involves values of the derivatives of f(x). 



 

 
 
Note: this “estimator” is used after we have determined 3 x-intercepts using the false position 
strategy. 
 
Example:                           METHOD of FALSE POSITION 
  
For f = x^3+2*x^2-3*x-1 with initial interval [1,2] where the tolerance is 0.005 and maxit = 8. 
 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

       Approximations   and   Function values 
   1.000000000000000  -1.000000000000000 
   2.000000000000000   9.000000000000000 
   1.100000000000000  -0.548999999999999 
   1.151743638077286  -0.274400720211667 
   1.176840909982786  -0.130742528809215 
   1.188627673293829  -0.060875863260288 
   1.194078911293239  -0.028040938442301 
   1.196582088205248  -0.012852240234538 

   Approximations   and   Error Estimates 
   1.000000000000000                   0           initial data 
   2.000000000000000                   0           initial data 
   1.100000000000000                   0           first x-intercept = p1
   1.151743638077286                   0           second x-intercept = p2
   1.176840909982786   0.023638234686033    first error estimate 
   1.188627673293829   0.010437451609353 
   1.194078911293239   0.004690375977452     error less than tolerance 
   1.196582088205248                    



 
Another Example: Estimate a root of f(x) = cos(x) – x via false position. 
 

 


