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Answer all parts and in the order given. In Part 1 you are to select one of the three questions. In the other parts you are to answer all questions. Good luck.

 Part 1 Answer exactly one question in this part. If you answer more than one, the first one encountered will be graded.

1. Ricardian Equivalence
A. State what the expression Ricardian Equivalence refers to.

B. On a diagram with consumptions on the axes, show why the proposition holds in a 2-period world. (State the assumptions that are needed.)

C. State carefully why the proposition may fail when a person is born in a period after the first.

D. State which aspect of the Keynesian paradigm (or policy arsenal) the Ricardian proposition runs counter to.

E. Show why the proposition requires that there be no distortionary taxes.

2. Time inconsistency
A. State what Time Inconsistency refers to.

B. State carefully why it occurs. Your statement should not give an example. (An example would be used to illustrate your statement, which is the next question.)

C. Show why Time Inconsistency can lead to excessive inflation. (A model might help here.)

D. Show why Time Inconsistency can lead to excessive tax rates on capital.

E. Give an example that shows why the ability of a government to make a commitment can make the people served by the government better off. (That is, show why a commitment technology can useful.) 

F. (1) Show how a reputation might be used in place of a commitment technology. That is, show why the the same gains that arise with a commitment technology can also be achieved by a reputation. (2) State why the environment you just described must have an infinite horizon. (Think this through very carefully be writing your answer.)

3. The optimality of a consumption tax
A. Consider the basic growth model. Suppose leisure is not in the utility function.  Government spending is positive. Show that it is optimal to have a zero tax on capital. State assumptions that you need along the way. (Suggestion. If you want to prove that “doing X is optimal,” you might wish to first find what the “optimal” solution is. If doing X generates what you have just found to be optimal, then you will have proved that doing X is optimal.)

B. Show that when leisure is in the utility function, a tax on consumption will affect output.

C. Show that if leisure is in the utility function and standard assumptions apply to the production and utility functions  (differentiable, increasing, concave), then the steady state with the highest utility (hence social welfare) has a zero tax on capital, just like the case in which leisure is not in the utility function. If you do this question correctly for the general case, you get an A in the course, regardless of anything else you have done (in other words, the general case is very tricky).

4. Money

A. Show that if money is in the utility function, the rate of return on money is less than on other assets. (This problem requires that you set up a model with money in it.)

B. Present a model in which an increase in the rate of growth of money will cause output and capital to increase.

Part 2 Answer all questions in this part.

 4. In a basic growth model, a single  representative individual chooses consumption c and the path of capital k to  maximize
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subject to dkt/dt = f(kt) – kt – ct. Output is y = f(k) and the depreciation rate is . The utility function is increasing, differentiable and concave, as is the production function f.

A. Set up the Hamiltonian. Which variables  are the controls and which are the states?

B. Find the first order conditions.

C. Write the equations that define the solution. Make sure there are no co-state variables or other extraneous variables in your solution.

D. Assume that the utility function is of the form U(c) = (c1-)/(1-), and the production function is Cobb-Douglas: f(k) = Ak1/2.  Finally, A = 0.4,  = 0.02, and  = 0.08.

1)  Show that steady state satisfies k* = 4 and c* = 0.48. Do you need to know ?

2)  What is the steady state output and investment?

E. Suppose  = 1.5. 

1) Find the slope of the saddle path.

2) Suppose the capital stock at date 0 is at 60% of the steady state level.  Prove that it should be at 86% of the steady state in 20 years. (Extra credit if you find the next two digits.)

F. Suppose the technology parameter increases from 0.40 to 0.42.

1) What are the new steady state values for k, c, and y?

2) What is the percentage increase in A, k, c, and y (from steady state to steady state)?

3) Show on a phase diagram what happens through time to k and c on account of this change.

Solving the the Real Business Cycle Model

5. Below is a list of steps that are needed to execute the Real Business Cycle paradigm. Your task is to put the steps in the correct order, and to defend the order you select. Find the correct order and for each item in the sequence explain why it must go after the step it follows and before the step that it precedes.

· Take the log-linear approximations of the equilibrium conditions and write the decision rules as linear functions of the percentage deviations of the state variables from their steady state values.

· Apply the method of undetermined coefficients to obtain a set of non-linear equations that contain the parameters of the linearized decision functions.

· Use a random number generator to create a sequence of exogenous technological shocks. 

· Find the first order conditions.

· Compute the statistical properties of the detrended artificially generated economic variables.

· Find the steady state. 

· Detrend the artificially generated economic variables.

· Use the artificially generated shock process and an initial capital stock to generate a sequence of values for capital, consumption, investment and labor input.

· Find the feasibility conditions. 

· Solve for the parameters of the of the linearized decision functions.

· Use the data (compute the Solow residuals) to obtain the functional form for the distribution that generates the technology growth shock process.

6. Dynamic Programming

A representative individual maximizes
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subject to 

kt+1 = G(kt,nt,ct,zt).

The Bellman equation is



V(kt,zt) = maxc,n U(c,1 – n) + Et[V(kt+1,zt+1)],

subject to kt+1 = G(kt,n,c,zt).

The optimal decision functions are denoted by c*(k,z) and n*(k,z). It is known that V(100,1.2) = 25, c*(100,1.2) = 10, and n*(100,1.2) = 0.3.

Which of the following are true and which are false? Give a brief explanation in each case.

Assume that U is increasing in both arguments, differentiable and strictly concave in both arguments jointly (the standard assumptions about utility functions). Assume that G is increasing in k, n, and z and decreasing in c.

A. U(10,0.7) > U(10,0.6).

B. U(14,0.7) + Et[V(G(100,0.3,14,1.2),zt+1)] >  25.

C. U(10,0.7) + Et[V(G(100,0.3,10,1.2),zt+1)] = 25.

D. U(10,0.7) + Et[V(G(100,0.3,10,1.2),zt+1)] 

U(10,0.8) + Et[V(G(100,0.2,10,1.2),zt+1)].

E. U(10,0.7) = Et[j=1(jU(c*(kt+j,zt+j),1 - n*( kt+j,zt+j)] = 25.

Part 3 

Solving a 2-sector growth model
An economy has two sectors, one that produces a consumption good c, another that produces capital.  A single representative individual can work in either sectors. Labor in sector i is denoted by ni,t, total labor by nt and leisure by 1 – nt.  Sector 1 output is denoted by Y1,t and sector 2 output by Y2,t. These satisfy:




y1,t = F1(n1,t,k1,t,A1,t) and y2,t = F2(n2,t,k2,t,A2,t),

where Ai,t is a productivity parameter in sector i.

The uses of output are:





y1,t = ct
and 





y2,t = a1,t I1,t + a2,t I2,t.

Where Ii,t is investment in sector i. The ai,t are parameters.

The representative firm in sector 1 chooses k1,t and n1,t to maximize





1,t = P1,t y1,t – R1,t k1,t – w1,t n1,t.

The representative firm in sector 2(a) chooses k2,t and n2,t to maximize





2,t = P2,t y2,t – R2,t k2,t – w2,t n2,t.

The representative firm in sector 2(b) chooses I1,t and I2,t and y2,t to maximize





3,t = q1,t,I1,t, + q2,t, I2,t, - P2,t y2,t 

subject to 





a1,t,I1,t, + a2,t, I2,t  y2,t 

where the price of capital good i is qi,t.

The representative individual maximizes
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subject to 
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ct + s1,t q1,t + s2,t q2,t + s3,t w1,t n1,t + w2,t n2,t + R1,t k1,t + R2,t k2,t + rtbt.
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where b is bonds held, a number that can be positive or negative.

A. Set up the optimization problem for the firms. Write down all of the Kuhn-Tucker conditions, taking care to get the inequality signs correct.

B. 

(1) Prove that the price of capital in sector i is bounded according to 

qi,t  ai,tP2,t.

(2) In what situation would the inequality be strict?

C. (1) Set up the Hamiltonian for the individual’s problem. You should have three co-state variables and one Kuhn-Tucker variable.  (2) What are the state variables and what are the controls?

D. Find the first order conditions.

E. Prove that the rates of return on the three assets are equal. (Write your proof as cleanly and clearly as possible.)

F. Prove that if both sectors have production, the wages must be equal.

G. Suppose all of the parameters are constant and the economy is in a steady state.  Then, unexpectedly, the parameter a2,t is cut in half, and the change is permanent.

(1) What happens to the long-run values of the wage, capital price and rental rates in the two sectors? Give your answer in qualitative rather than quantitative terms (e.g., up, down, unchanged).

(2) What happens immediately to labor supplies, wages, rental rates, investment levels, prices and interest rates?

Good luck. This question is tricky.
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